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LOCAL BEHAVIOR OF SOLUTIONS
OF QUASILINEAR ELLIPTIC EQUATIONS
WITH GENERAL STRUCTURE

J. M. RAKOTOSON AND WILLIAM P. ZIEMER

ABSTRACT. This paper is motivated by the observation that solutions to cer-
tain variational inequalities involving partial differential operators of the form
divA(x, u, Vu) + B(x, u, Vu), where A and B are Borel measurable, are
solutions to the equation div A(x, u, Vu) + B(x, u, Vu) = u for some non-
negative Radon measure x. Among other things, it is shown that if u is a
Holder continuous solution to this equation, then the measure u satisfies the
growth property u[B(x, r)] < Mr"7?*® for all balls B(x,r) in R". Here
¢ depends on the Holder exponent of # while p > | is given by the struc-
ture of the differential operator. Conversely, if u is assumed to satisfy this
growth condition, then it is shown that u satisfies a Harnack-type inequality,
thus proving that u is locally bounded. Under the additional assumption that
A is strongly monotonic, it is shown that u is Holder continuous.

1. INTRODUCTION

In this paper we investigate the behavior of weak solutions of quasilinear
equations of second order in an open set Q C RY . The equations are of the
form

(1.1) —divA(x,u,Vu)+ B(x,u,Vu)=T,

where T is a distribution that will be specified below. The case in which T
is a measure will be of special interest to us because this situation arises in the
study of variational inequalities. Indeed, let ¥ be an obstacle defined on Q,
and consider

(1.2) I(v)=/QF(x,v,Vv)dx,

where F = F(x, n, ) is an integrand with suitable properties. Let

(1.3) azz}lelltzl(v),

where K is the subset of the Sobolev space w'-p (Q) consisting of all v that
agree with a prescribed boundary function 8 on 9Q and v(x) > w(x) for
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almost all x € Q. If u is the extremal of problem (1.3), then it is well known
that u satisfies an inequality of the form

oOF oF
1.4 - . ar >
(1.4) Q(,)‘f()c,u,Vu) V(o+an(x,u,Vu)(pdx_0
forall ¢ € WOl ?(Q) with ¢(x) > w(x)—u(x) fora.e. x € Q. This is a special
case of the weak inequality

(1.5) /A(x,u,Vu)-V(o+B(x,u,Vu)(pdeO.
Q

In particular, (1.4) and (1.5) hold for all nonnegative ¢ € WOl "7(Q) and thus
define a nonnegative distribution. Consequently, u is a solution of the equation

(1.6) —divA(x,u,Vu)+ B(x,u,Vu) =u,

where u is some nonnegative measure. It was shown in [MZ] that if 4 and B
satisfy the structure (1.7), (1.8), (1.9) below, then the solution of the obstacle
problem is continuous at a point x, provided that the obstacle satisfies a weak
regularity condition as X, , a so-called Wiener condition reminiscent of the con-
dition considered in [GZ]. In particular, the results of [MZ] imply that if y is
Holder continuous, then the solution u is also Holder continuous. Variational
inequalities were also investigated in [RT], and there Holder regularity was es-
tablished by different techniques. In order to gain a better understanding of
such variational inequalities, including questions of differentiability, we begin
an investigation in this paper of equation (1.6). Investigations in problems of
this type were initiated in [LS], where the Laplace operator was considered.

We assume the functions 4 and B are, respectively, vector- and scalar-
valued Borel functions defined on Q x (m, M) x RY , —co<m< M < +o00,
that satisfy the following structure.

Forae. xe€Q, Vne(m, M), vé € RV | we have

(1.7) A(x, 1, &) &>y - v, (x),
where 1 < p < N, vy, is a positive continuous function on Q, and v, €

LYP*(Q), with ¢, > 0;

loc

(1.8) 1A(x, 7, E)| < e(0)IE ™" + ay(x)

for ¢, € L2(RQ), ¢, >0, and a,e LY?7"2(Q), ¢,>0;

loc
(1.9) IB(x, 0, Ol < e, (0" + fi(x),

where ¢, € L2 (Q), ¢, >0, and fj € LY7*(Q), e, > 0. In the sequel, we

loc loc
will also consider the structure condition

(1.10) 1B(x, 7, &) < e, ()EL™ + fy(x),

where ¢, € L2(Q), ¢, >0, and e LY (Q), &> 0.

loc loc
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The results of the paper are summarized as follows. In §2 we first treat equa-
tion (1.1) with T € W_""O(Q), 4, > N/(p — 1), and prove weak Harnack
inequalities for subsolutions and supersolutions that are analogous to those es-
tablished in [T] when 7 = 0. In §3 we focus on equation (1.1) where T is now
assumed to be a nonnegative measure u. We first show (Theorem 3.2) that
if a solution of this equation is locally Holder continuous, then the measure
u must satisfy the growth property u[B(x, r)] < Mr"™?** for some ¢ > 0
and all balls B(x, r). We then pursue the converse of this résult. Under the
assumption that u satisfies u[B(x,r)]< M NP for all balls, we show that
solutions u € W"”(Q) of (1.1) with structure (1.7), (1.8), (1.10) are locally

loc

bounded (Theorem 2.10) and that u € W,;c"’(Q) for some g > p (Corollary
2.13). It is also shown that u satisfies a Harnack-type inequality (Theorem
2.14) which bears some resemblance to the classical one for solutions when
u = 0. Under the additional assumption that A is strongly monotonic (see
Definition 3.6) Theorem 3.7 establishes that weak solutions are locally Hélder
continuous.

Before beginning with the analysis, we give some examples of (1.1) that have
been treated in other contexts.

1.1. Example. The following example appears in Aerodynamics and has been
recently treated in [MRS1, MRS2].

(1.11) _&_L—_wa_qurl (ﬂ): L+ M () (6_u>2 o
. axzz pz(u) ax|2 u 0x, pz(u) axi ’
QCR.
The function M (called the mach number) is defined by

— 2 1 2
M“”"”¢y+1'1—w—lvw+lﬂ

1/(y=1)
_(y_r=12
MW~(1 %Hu) ,

where u is the velocity of a fluid crossing Q, p is the density fo this fluid
(see [MRS1, MRS2] for details). Problem (1.11) can be written in the form
of (1.1). The velocity at the boundary is given: u = g on 9Q and satisfies
0< 0 < g< 1. Itisproved in [MRS1] that there exists at least a solution u in
HI(Q) satisfying 6 < u(x) <1 a.e. Here, m=6, M =1.

and

1.2. Example.
—div(v ()| Vul’ 7 Vu) + (" = 1)|Vul’ + uf*(x) = T(x) inQ,
{ u=0 ondQ.
Here,
vu) = — Te V"™ Q), fel™Q).

T Tl
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It is proved in [R] using the techniques of relative rearrangement that such
equation has a bounded solution, and therefore we can take
m = —essq sup |u|, M = essq sup |u|,
— 1 _ n
vy = Min, ,, v(n), ¢, =Max, .\ le" — 1],

and fy(x) = Mf 2(x). All problems considered in [R, RT, MRS1, MRS2, L]
are covered by these assumptions.

1.3. Example. In this example, we consider an unbounded domain: Q = R,

u p
—div ( v(u) |Vu|”’2Vu> + iul(, =T(x),
1+ |x| 1+ |x|

ue WwHPRYY, TeL™, v = a>0.

2. PRELIMINARIES

Throughout, we will adopt the convention of using C as a constant that may
change from line to line in a proof. For p > 1, we denote by p’ the conjugate
of p. The integral average is denoted by

][Eudx=|E|_l/Eu(x)dx.

In this section we fix a bounded open set Q, relatively compact in Q. Choose
numbers g and g, such that

/

2.1) ;ii,—<q<q, (;q—lzf”Tp,)ql.

In this section we also consider a distribution 7 in (1.1) such that

(2.2) Tew Q).

By the assumptions on v, q,, f, we have

(2.3) T, few " NQ), ael™Q), v el (Q).

Let ¢, = . Since ¢,T + f; € W—l“’(Ql), there exists f € L(Q,; R") such
that ¢, T + f, = div /. We set

vy =minyy(x), ¢5= essq supcy(x), ¢ = €ssq SUpC (x)+1.
1

We consider x, € Q,, and for all r > 0 such that B(x,, 4r) is contained in
Q, , we define

p(r)=r "M@
and

I(Ql) = ”T”W-'-q(QI) + “fo”LN/ﬂ(QI) + ”aonLN/l'—‘(Ql) + ”VIlILN/“’_”(Ql) .
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Define also the function

b,(x) (f00) + () +v, (0] i 1(Q,) #0

1
07
and
b(x)=0 ifI(Q,)=0.

By an application of Holder’s inequality, observe that there exists a constant ¢,
such that for all x, € Q, and all r > 0 with B(x,, 4r) C Q, we have

/
(24) ”b’”Lq/p,(B(xo ,4r)) S C3 .

We now proceed to obtain weak Harnack inequalities for (1.1) with T as
in (2.2) analogous to those obtained in [T] where T = 0. Our techniques are
similar to those in [T], and therefore we will provide only those parts of the

proofs that will be necessary for the development of the remainder of this paper.

2.1. Theorem. Let uc W'” (Q) be a nonnegtive, locally bounded subsolution

loc

of (1.1) with structure (1.7), (1.8), (1.9) and T € W' *(Q), g, > N/(p—1).

Then, for all x, € Q and r > 0 such that B(x,, 4r) C Q, C Q, and for all
py>p— 1, we have

—N/
sup u < C(r™ Pl o g, 2ry) + P(F))-

B(x,,r)
The constant C depends only on the structure, the bound on u, and the fixed
set Q..
1

2.2. Theorem. Let u € W,;C’” (Q) be a nonnegative, locally bounded supersolu-
tion of (1.1) with structure (1.7), (1.8), (1.9). Then, for all x,€ Q and r >0
such that B(x,, 4r) C Q, C Q, and all p, such that 0 < p, < N(p—1)/(N -p)
(here N=N if p< N, N<N<gq(p—1) if p=N), we have

—N/p, .
r ”u“L"O(B(xOZr)) <C (81(1;01% u+ p(r)) .
The constant C depends only on the structure, the bound on u, and the fixed

set Ql .

The proofs of these theorems require the following familiar test functions.
Let u, >0, u, >0 be arbitrary. For # € R, and ¢ > 0, define

=L ep (Haysi s
(2.5) a(t) = I exp </‘| (sign ﬂ)t) t.

Then o is a solution of

2.6) (sign B, ~ iy = 181" exp (L2 (sign pr)
1
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So for all number b > 0, we can find two numbers ¢, > 0, c; > 0 depending
onlyon b, u,,and u, such that

. (sign B)u,0’ — p,0 > ¢, | B|* ™

forall t € (0, b].
OSO’(t)S(,‘;tB ora ( !

For x,€Q, let n€ Cg°(Q) be such that 0 <7 <1 and sptn C B(x,, 4r) C
ﬁl . Let 0 <A< 1 (where A tends to zero at the end of the proof). Define

u=u+pr)+4i, y=B+p-1, B#0,
W’ ify#£0,
w(x) = .
Logn ify=0.
The following energy inequality is fundamental to the development.

2.3. Lemma. There exists a constant C > 0 such that

¢ - ChO(lﬂl) fQ(br?]p + |anp)dx J}) _0

where hy(18]) =1+ 1/|B1+ 1/181 + /81" .

Proof. Define ¢ = n”(sign B)a(u), where o is the fuaction defined in relation
(2.5) with

M, = minyy(x), My = essg supc,(x) + 1.
QI

Since u is locally bounded, we can find C > 0 such that

o<o@<ci’, |d@|<clpa’ " +cd,

(2.8) ) . ) g
(sign )0’ (&) — Ca(a) > C|p1a" "

With this choice of ¢ employed in (1.1) with its structure, we obtain
29) [ 1Vul'n" (sign fu, o' (1) = myo ()] dix
<0Gy [ 19ul™ [ (@ dx +p [ 199" ()0 (@) dx
+/npl/lla'(a)ldx+/npfoa(a)dx+ (T, ¢).
The last two terms of (2.9) can be written as
[ et g dx+(T. o) = iy + (sign T o o(@).

Using relation (2.3) we can find f € L/(Q,) such thatif f+(sign 8)T = div f,
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where f does not depend on f. Using (2.8) we obtain
81 [ (vup e ax < ¢, [ 1oul™ o 9nia’ dx
-1 _
+c“/np |Vn|a0(x)uﬂdx
+e(l +|B|)/v P dx + ¢ /n”“|vn|fa"dx
12 ! 13

+cl4|ﬂ|/fIVulnpaﬂ_ldx+c,5/f|Vu|r7pz‘4B_la’x

Each term of the right side can be analyzed in a manner similar to [T] to obtain
the conclusion of the lemma. O

With the basic energy inequality of Lemma 2.3, it is possible to obtain The-
orems 2.1 and 2.2 as in [T], whose argument depends critically on the Sobolev
inequality and the John-Nirenberg inequality [JM].

Theorems 2.1 and 2.2 yield the Harnack inequality .

(2.10) sup u<C [ inf u+ p(r)}
B(x,,r)

B(x,,r)

whenever B(x,, r) CQ, C Q. As Q, is arbitrary, we obtain as a consequence

2.4. Theorem. Let ue Wk')c’” (Q) be a nonnegative, locally bounded solution of
(1.1) with structure (1.7), (1.8), (1.9). Then u is locally Hélder continuous
in Q.

2.5. Remark. If u e Wkl)c‘”(Q) is a solution of (1.1) with structure (1.7), (1.8),
and (1.10), then the methods above can be modified so that Theorems 2.1 and
2.2 hold without the assumption that u is bounded. With this structure, sub-
solutions and supersolutions are bounded above and below, respectively.

3. THE EQUATION WITH T AS A MEASURE

In this section we consider equation (1.1) with 7 assumed to be a nonnega-
tive Radon measure u and seek conditions on u that will ensure that the weak
solution is locally Holder continuous. This question was considered in [LS] in
the case of the Laplacian, and it was found that if u[B(x,r)]<C N2 for
all balls B(x, r), then the solution is locally Holder continuous. We will prove
that an analogous condition is necessary for equation (1.1) and also sufficient
provided that A4 satisfies a strong monotonicity condition. For this purpose,
the following gradient estimate is crucial. This estimate was first used in [GZ]
for investigating boundary regularity.

3.1. Theorem. Let u be a nonnegative Radon measure on Q, and let u €
w! P(Q), 1 <p< N, be a nonnegative, bounded solution of

loc

—divA(x, u, Vu)+ B(x, u,Vu)=pu
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with structure (1.7), (1.8), (1.9). Then

(3.1) P |Vul’ dx < C[A(r/2) — A(r) + p(r) ™",
B(x,r/4)

where A(r) = inf u and C depends on the structure and the bound for u.

B(x,r)
Proof. Since u is a nonnegative measure, u is therefore a weak supersolution
of the equation

(3.2) —divA(x, u,Vu)+ B(x,u,Vu)=0.

First, consider an arbitrary weak supersolution v of (3.2). It follows from
the energy estimate in Lemma 2.3 and the techniques of [GZ] that

(3.3) /‘ Pl VP dx < C(1+ ﬂ‘”y/zf‘”‘%n”+IVnW}dx

whenever 8 >0 and 7 is a cut-off function. Let 6 be a positive number such
that 1 < (1-6)p < N/(N - p). Then,

(3‘4) / |V’U|p_ldx = / (’U_(l_e)lvvl)p_l(v(l_a)(p_l))dx
B(x,r/2) B(x,r/2)

(p—N/p
< / W "9y dx
B(x,r/2)

1/p
y / L
B(x,r/2)

It follows from (3.3) that the first factor is bounded by

(p=1)/p
cr'™? / v dx
B(x,r)

provided 7 is taken so that = 1 on B(x, r/2) with support contained in
B(x, r). Then, by Theorem 2.2 we have

(3.5) PN / Vo~ dx

B(x,r/2)
<C(A(r/2)+ p(r))((P 1)/p)(p—(1-
< C(A(r/2) + p(r)? "

From the analysis in Lemma 2.3, we have

/ Vo’ dx < C r_l/ Vol ™ 4+ T p ()
B(x,r/4) B(x,r/2)

< {2+ py T4 a0 )

Now, to establish the theorem, let v = u — inf Box.n U and observe that v is a
supersolution of an equation with structure similar to that of (3.2). O

D) (a(r)2) + p(ry) PP 0P

This estimates leads immediately to the following necessary condition for a
solution to be Holder continuous.
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3.2. Theorem. If u € Wkl)c‘p (Q), 1 <p < N, is a nonnegative, bounded solu-
tion of
—divA(x, u,Vu)+ B(x, u,Vu)=yu

that is locally Hélder continuous on Q, then there exists € > 0 such that
ulB(x, n] < Crire

whenever B(x, 16r) C Q. Here C depends on the structure of the equation
while ¢ depends also on the Holder exponent of u.

Proof. With B(x, r) as in the statement of the theorem, let ¢ be a smooth
function that is 1 on B(x, r) and with support contained in B(x, 2r). Then
appealing to the structure (1.8), (1.9), and the previous theorem, we obtain

(3.6) u[B(x, r)] < / pdu

sg [/ |A(x,u,Vu)|dx] +C |B(x, u, Vu)|dx
r \JB(x,2n B(x,2r)

c _
<< / Vul’ ™" + la| dx
r 1JB(x,2r)

<C [r”‘”u(sr) —216r) + p(n)? "

+ c/ [Vl + £ ]1dx
B(x,2r)

+r 7A@ = A16r) + (NP + o]

Now using the assumption that u is locally Holder continuous and that p(r)
is bounded by a positive power of r, the conclusion follows. O

We now proceed to determine conditions under which the converse of the
preceding theorem holds. We first prove that solutions of

—divA(x,u,Vu)+B(x,u,Vu) =pu
are locally bounded. For this, we require the following result of Adams [A].

3.3. Theorem. Let u be a nonnegative Radon measure supported in Q such
that for all x € R" and 0 < r < oo, there is a constant M with the property
that

uB(x, r)< Mr'
where a =q(N/p—1), l<p<qg<oo,and p<N. IfueWol"’(Q),then

q /e 14
(/Q 1 du) < CM" v,

where C =C(p, q, N).
3.4. Theorem. If ue W'?(Q), 1 <p < N, is a weak solution of

loc

—divA(x, u,Vu)+ B(x,u, Vu) = u,
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with structure (1.7), (1.8), and (1.10) where u is a nonnegative Radon measure
supported in Q with the property that for some ¢ > 0,

u[B(x,r)]< Mt

fJorall xeQ and 0 <r<oo. For 0<o <1 and B(x,r") C Q, there exists
a, B >0 such that

1/p
C %
sup U< —— T / |u|pa’x+/ lul” du +crt
B(x,or") B(x,r") B(x,r")

Proof. To simplify notation, let B(x, r) be denoted simply by B(r). For a
value of k that will determined later, we set

k,=k(1-27", i=0,1,2,...,
and
ro=or +27'r"(1-a),
=%(ri+ri+l)=ar*+%2_'r*(1—a), i=0,1,2,....
We consider the corresponding balls
B,':B(r,')’ B,‘=B(7,'),
and observe that 4
-1 21+l
ri=rwd = ooy
Finally, we denote by ({; the cut-off function whose support is contained in l~3l.
such that {, =1 on B,,, and |V{,|<2™?/r'(1-0).
Let
+
A;=B(r)n{(u—-k,,)" >0}.

If the test function ¢ = Cf’ (u—k; +,)+ is employed, by an analysis similar to
that used to establish Lemma 2.3, we obtain the fundamental energy estimate:

1 +.p
A |V(u 1+I | dx < C l(l _ G.)P(r*)l’ /51 |(u - ki+l) | dx

+/§'(” TP dp et (K A)A ] + (A

because
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If g is defined by N — p + ¢ = (¢/p)(N — p), then the previous result of
Adams implies that ¢ € L/(du). Note that g/p > 1. Now

(3.7)
[ =k Pans [ -k da

i+l

/ oy rlq \—p/a
< ~ |(u - k,'+1) C,I dﬂ .u(Ai)
B.

<c{/ IV(u—k, )T dx+/ -k, ) PIver dx} (4,)' 7"

C2"’
T { AR
/ (= k)1 dp+ (k" + )4, + (4, )} u(d)' e,
Now
o . .

(4,) <227k /B |(u—k)")"du < 22"y,
and ' .

14, < 227k "/3 (u— k)P dx <22y,

where Y, is defined by

Y =k /l(u VP dx+ k /l(u k)P du.

Hence, if S is chosen so that 0 < # <1 —(p/q), it follows from (3.7) that

6 [l k)
i+l

i 4 Ng
} r%iﬁ [(Y‘)(zmyf)'_p/“ (&EAV—) @'y P @y

pi piy,\1-(p/q)
+(2"Y)(2"'Y) )

If k is chosen so that k” > Ar*™® and k > [ul| it therefore follows that

p;By°
k™’ k du<C 2" s

(3.8) p N0 k)T < Cr=ris Y,

for some a > 0. Now, repeating the previous analysis with the term

/B (u—k, )P dp

i+1
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replaced by
[ =k )P,

i+l

under the assumption that ¢ < Np/(N —p), we obtain the following inequality:

/B |(u—k,.+|)+|pdx
c2” . .
SW{A,"“‘kf’ P [ k)T du

+ (k" + 2)|4,] + u(A,.)} 14,77

Hence
— + C 2pi I+a
(3.9) k "/B l(u—k, )" dx < (—IT‘),,;;;Y,.
From (3.8) and (3.9), we have
Y Cbl Y|+n

i+1 S (1 _ O.)Pr*!? li ’
where b=2°>1 and k* > Ar"™® and k > ||“”p;30' The recursion lemma of
[LU, p. 66] implies that Y, — 0 provided

Y, < C(p)((1 - o))"
or

Y, = k‘”/ lulf’ dx + k"’/ luf du < C(p, i) (1 — a)r*)"’®
B(r) B(r*)

which suffices to reach the desired conclusion. O

3.5. Remark. By applying the interpolation technique of [DT], it is easy to see
that the above result remains valid with p replaced by g for any ¢ > 0.

We now are able to establish regularity with operators 4 of the following
type.

3.6. Definition. We say that the operator A(x, n, &) is strongly monotonic in
Q provided
(A(x, n, &) = Alx,n,&)- =& 2ClE-&T
forall xeQ, neR,andall £, é'eRN.
3.7. Theorem. Let uc W' ?(Q), 1 <p < N, be aweak solution of

loc
—divA(x,u,Vu)+ B(x,u,Vu)=u,

where u is a nonnegative measure with the property that u[B(x, r)] < Cr™ 7%

for all balls B(x,r) with B(x,2r)C Q. If we assume structure (1.7), (1.8),
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and (1.10), and that A is strongly monotonic in Q, then u is locally Holder
continuous on Q.

Proof. Let Q, be an bounded, open subset whose closure is contained in Q.
Let x, € Q, and consider 0 < r < dist(x,, 9Q,). Since by Theorem 3.4 the
solution u is bounded in €2, , we may consider A(x, u(x), &) as A(x, ¢) and
normalize the structure by taking miny, = 1, thus obtaining

|A(x, &) < Clel ™ +ay,  A(x,&)-E2Ef —v,,

for all (x, &) € B(x,, r) x R" | where B(x,,r) CQ,, a,€ LY [B(x,, r)], and
v, € L%[B(x,, r)] with ¢, > N/(p—1), g, > n/p. Nowlet v € W' P[B(x,, r)]
be defined as a solution of

divA(x, Vv) =0,

where u—v € WOI P [B(x,, r)]. The existence of v is provided by [L, pp. 182-
183] and because u is bounded on the closure of B(x,, r), we may appeal to
[SE, Theorem 3] to conclude that v is bounded on B(x,, r). Using the strong
monotonicity of 4 and the fact that u — v is a test function, we obtain

(3.10) / [V(u—v)° < C/ (A(x, u, Vu) — A(x, u, Vv)) - V(u —v)
B(xy,r) B(x,,r)

=C{/ B(x,u,Vu)(u—v)dx+/ (u—v)a’,u}
B(xy,r) B(xy,r)

SC{/ |Vu|p_1|u—v|dx+/ j?,(u—v)dx+rN_p+s}.
B(x,,r) B(xy,r)

With the help of Young’s and Poincaré’s inequality, there exists C depending
on p and the structure such that for any real number y > 0,

p—1 p—1
C/B(xo‘r) [Vul" '|u —v|dx < 'IVullﬂ:B(xO")llu - v”i"B("O”)
p—1
(3.11) SUIVully: gy IV =0, 5, )

<ciyr / |Vul® + y/ |V(u—v)dx.
B(x,.r) B(x,.r)
Consequently, (3.10) can be written as

(3.12) /B( S o)

< C{r”,/ IVulpdx+/ fo(u—v)dx+rN_p+s} .
B(x,.r) B(x,,r)

As for the second term in (3.12), the local boundedness of (u — v) implies

/ fou—v)dx < 7P
B(xy,r)
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where ¢ depends on ¢ > N/p. Thus, we conclude from (3.12) that there are
constants C and C’ depending only on the given data such that

(3.13) / |V(u—v)°dx < cr / \Vul’ dx + C'¥¥ P
B(xy.r) B(xy.r)

for some ¢ > 0. Since v is locally Holder continuous on compact subsets of
B(x,, r), it follows from the fundamental energy estimate, Lemma 2.3, and an
elementary scaling argument, that

N— !
(3.14) / Vol dx < C (2) e / Vol dx
b(xy.p) r B(

X T)

forall 0< p <r and some & >0.
We now proceed to obtain a bound for

/ Vo’ dx.
B(x,,r)

Since

0= /A(x, V) -V(u—-v)dx = /A(x, u,vv)-Viu—v)dx,
it follows that there exist C and C' depending on (1.7), (1.8), and (1.10) such
that

/ |Vv|pdx§/ (A(x, u,Vv)-Vu+v)dx
B(x,,r)

B(xy,r)
< C/ |Vol” ' |Vuldx + C/ (@|Vu| +v,)dx
B(xy.r) B(

Xo o r)

< l/ Vol dx + C'/ Vol dx
2 B(x,.r) B(xy.r)

1/s
N-— N-—
+C'/ \Vul’ dx + C’' / lag|"dx | r Tl
B(xy.r) B(xy.r)

since ¢, > N/(p—1) and g, > N/p. Here s = q,/p’ . Thus, there exists C
and ¢ > 0 such that

(3.15) / Vol dx < C {/ \Vul’ dx + r”"’“} .
B(x,.r) B(x,.r)
Now u = v + (1 —v) and thus, from (3.14), (3.15), (3.13), we have
c/ Yl dx g/ Vol dx+/ V(- 0) dx
B(xy.p) B(xy, p) B(x,y, p)

N-p+
< (E) ? 8/ Vo’ dx+/ IV(u—-v) dx
r B(x,,r) B(x,,r)

N-—p+e / _
[(2) r +rp]/ |Vv|pa’x+rN pre
r B(xy.7)

IN
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for every 0 < p < r. We now are able to invoke the technique in [G, p. 170]
to conclude that there exists ¢, > 0 such that if

(3.16) P IVul’ dx < g,
B(x,,7)
then there exists ¢ > 0 and a constant C depending only on the structure such

that .
p—N p p
p / [Vul"dx < C (=
B(XO»P) ( r)

for all 0 < p < r. As in [G] we conclude that u is locally Holder continuous
in B(x,, r). This conclusion is based on (3.16) which is know to hold at all
points x, € Q, by Theorem 3.1. O

Another result for equations of divergence form was first proved in [ME]
which states that a solution u € W''?(Q) has the property that u € W' 9(Q)
for some ¢ > p. A similar result is valid for the type of equations we are
considering. .

3.8. Theorem. Let u € Wkl)c”’ (Q) be a weak solution of (1.1) with structure
(1.7), (1.8), (1.10) and with T € W_"?**(Q) for some ¢ > 0. Then there

loc

exists g > p such that u € Wkl)c“’(Q). Moreover, for B(x,r) C Q,

1/q 1/p 1/q
(][ |Vu|? dx) <C <][ |Vulf dx) + (][ h? dx) ,
B(x,r/2) B(x,r) B(x,r)

where h = (a) +|g”)'"?, divg =T+ f.
Proof. For fixed x such that B(x, r) C Q, let

a(r) = ]{3 Loy

and define a test function by ¢ = #”(u — @(r)), where 5 is a smooth cut-
off function such that # = | on B(x, r/2) and sptn C B(x,r). With ¢
employed as a test function in (1.1), we obtain

/np|Vu|p dx
<C {/ |Vu|p_'|Vu|r7p_l(u —u(r))dx

+/a0|Vr]|np_](u—z2(r))dx+/cl|Vu|p_lnp(u— ﬂ(r))dx}
+(divg, n°(u—a(r)),

where g € LF ’“(Q; RY), divg =T+ fy»and C depends only on the structure.
The last term can be replaced by

¢ [ 1811901 - a(ril dx.
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Now the analysis proceeds as in [EM] to establish the conclusion or see [G,
Theorem 2.2, p. 138] for an easy exposition. 0O

This result is especially relevant for our purposes because of the following
theorem of Hedberg and Wolff [HW].

3.9. Theorem. Let p > 1 and kp < N. If u is a Radon measure, then
pe (WPRY)) ifand only if

/RN/ (#[B]\Eykpr >1/(p—1)?dﬂ(y)<oo.

As a consequence of Theorems 3.8 and 3.9 we have
3.10. Corollary. Let u € Wkl,c”’ (Q) be a weak solution of
—divA(x,u,Vu)+ B(x, u, Vu) =
where u is a nonnegative measure supported in Q with the property that
u[B(x, 1< CrV™"* for all balls B(x,r) C Q. If we assume structure (1.7),

(1.8), and (1.10), then there exists q > p such that u € Wkl)c“’(Q). Moreover,
for B(x,r)cQ,

1/q 1/p 1/q
(][ Vil dx) <cC <][ Vul’ dx) + (7[ X a’x) ,
B(x,r/2) B(x.r) B(x.,r)

where h is as in Theorem 3.8.

As another corollary of the above results, consider the variational inequality
(1.5) which is assumed to hold for all ¢ € Wl"’(Q) for which ¢ > v —u
a.e., where ¥ € L™(Q) is the obstacle. Then there is a measure u associated
with this problem as explained in (1.6). If in addition it is assumed that y €
CIOC (Q), then referring to either [MZ] or [RT] we have that u € Cl?,c" Q). It
follows from Theorem 3.2 that for all B(x,r) C Q, ul(B(x,r)] < CrN 77
for some ¢ > 0. By appealing to the previous corollary, we are led to the
following result.

3.11. Corollary. If u € W _*(Q) satisfies the variational inequality

loc

/A(x, u,Vu) - Vo + B(x,u, Vu)pdx >0

forall ¢ € WO1 "P(Q) with the property that ¢ > w —u a.e., where y € C|0 “(Q),
then there exists q > p such that u € W;;C'q(Q). Moreover, for B(x,r) C Q,

1/q 1/p 1/q
(][ |Vu|"dx) <c ((][ Vul’ dx) + (][ K dx) ) ,
B(x,r/2) B(x,r) B(x,r)

where h is as in Theorem 3.8.

We conclude with a result that extends Theorem 3.4 and resembles the clas-
sical Harnack inequality, (2.10).
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3.12. Theorem. Let u € Whl)c’” (Q) be a nonnegative weak solution of

—divA(x, u, Vu)+ B(x,u,Vu)=pu
with structure (1.7), (1.8), and (1.10), where u is a nonnegative measure
supported in Q with the property that u[B(x,r)] < Cr" "** for all balls

B(x,r) c Q. Then there exist o, B > 0 and C depending on the structure
and ¢ such that for 0 <r<1,

p—1
sup u<Cr “ [ inf u+p(r)] +crf, ifi<p<2,
B(x,r/2) B(x,r/2)

and

sup uSCr_"{[ inf u+p(r)]}+Crﬂ, ifp>2.
B(x,r/2) B(x,r/2)

Proof. Choose x € Q and 0 < r < 1 such that B(x, 2r) Cc Q. With n as a
smooth cut-off function such that =1 on B(x, r) and sptn C B(x, 2r), we
use the test function ¢ = n”u to obtain

/ udu < /(pdu:/A(x,u,Vu)-V¢+B(x,u,Vu)¢dx
B(x,r)
< C{/qulp_lnp_IIVn|udx+/|Vu|pnpudx

+/npua0dx+/npu|Vu|p_'dx+/71puf0dx}

<C l/ \Vaulf ! +/ \Vul’ dx +r" Ppry 'Y
F JB(x,2r) B(x,2r)

Here we have used the fat that « is locally bounded (Theorem 3.4) and 0 <
r < 1. Appealing to Theorem 3.1, it follows that
(3.17)

udp < / pdu < C{AMGr) = ABr) + p(NF ™ rV =2 + PV P p(ry? 1.
B(x,r)

In order to obtain a similar bound for [undx, we use Theorem 2.2 and the
fact that u is locally bounded to conclude that

/ udx < C W dx < CrVAr2) + p(n) P!
B(x,r) B(x,r)

when 1 <p <2 (since 0O<p-1<N(p-1)/(N—p)) and that
/ wdx < CrV[A(r/2) + p(r)]
B(x,r)

when p > 2 (since N(p—1)/(N—p) > 1). These conclusions along with (3.17),
Theorem 3.4 and Remark 3.5 establish the result. O
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